Presented here is a mechanistic model of the biological dynamics of the photic zone of a single-cell arctic Waste 23 Stabilization Pond (WSP) for the prediction of oxygen concentration and the removal of oxygen demanding 24 substances. The model is an exploratory model to assess the limiting environmental factors affecting treatment 25 performance in arctic WSPs. A sensitivity analysis was utilized to provide a quantification of the relative 26 uncertainties of parameters that exist within the described modelling framework. The model was able to 27 qualitatively reproduce mesocosm experiment trends in phytoplankton growth, dissolved oxygen concentration, and 28 the reduction of CBOD 5 (Carbonaceous Biochemical Oxygen Demand -Day 5). These results demonstrated that 29 CBOD 5 reduction and oxygen state are very sensitive to organic loading regimes at cool temperatures (5-15 ˚C). The 30 sensitivity analysis identified that it was the difference in phytoplankton growth rates, and the associated change in 31 2 photosynthetic oxygen production, that mainly contribute to creating differences in CBOD 5 removal rates and the 32 development of aerobic conditions. The model was also sensitive to atmospheric aeration rates at low temperature 33 providing further evidence that low oxygen availability limits the treatment of CBOD 5 in cold climate WSPs. During 34 the development process, it was discovered that common formulations of depth-integrated phytoplankton growth 35 performed poorly for our modeled system, which was a quiescent eutrophic environment. This paper presents a new 36 phytoplankton growth formula within the paradigm of a poorly-mixed eutrophic system that may find utilization in 37 other eutrophic, colored or turbid systems. The novel aspect of the approach is that the depth integrated 38 phytoplankton growth function was formulated upon the premise that the phytoplankton population would be 39 capable to orient themselves to optimize their growth under poorly mixed conditions, and the average growth rate of 40 the phytoplankton population must decrease as crowding puts pressure on shared resources. The general agreement 41 of the model with the experiments, combined with the simplicity of the depth integrated box model, suggests there is 42 potential for further development of the model as a tool for assessing proposed arctic WSP designs. The sensitivity 43 analysis highlighted the uncertainty and importance of the parameterization of bacterial and phytoplankton 44 physiology and metabolism in WSP models. 45
Presented here is a mechanistic model of the biological dynamics of the photic zone of a single-cell arctic Waste 23 Stabilization Pond (WSP) for the prediction of oxygen concentration and the removal of oxygen demanding 24 substances. The model is an exploratory model to assess the limiting environmental factors affecting treatment 25 performance in arctic WSPs. A sensitivity analysis was utilized to provide a quantification of the relative 26 uncertainties of parameters that exist within the described modelling framework. The model was able to 27 qualitatively reproduce mesocosm experiment trends in phytoplankton growth, dissolved oxygen concentration, and 28 the reduction of CBOD 5 (Carbonaceous Biochemical Oxygen Demand -Day 5). These results demonstrated that 29 CBOD 5 reduction and oxygen state are very sensitive to organic loading regimes at cool temperatures (5-15 ˚C). The 30 sensitivity analysis identified that it was the difference in phytoplankton growth rates, and the associated change in 31 5 well-mixed conditions. This is inconsistent with single cell WSPs operating in the Arctic that have greater depth and 111 limited mixing. Thus, we made several modifications to the Buhr & Miller (1983) Table 1 that were used to 114 represent the major processes. It is stressed to the reader that the model is a heuristic representation of arctic WSPs, 115 and accordingly is an abstraction of reality. This investigation uses the model to assess: i) the parameters that have 116 the greatest impact on treatment performance and ii) the environmental conditions that are limiting the treatment 117 performance in arctic WSPs, and the investigation does not aim to represent the model as an engineering design tool. 118
Omissions of phytoplankton respiration and anaerobic processes were based on heuristics. Extended daylight during 119 the summer in the North, allowing for continual photosynthesis, was the justification for the removal of 120 phytoplankton respiration from the model, and the relative low activity of anaerobic processes when temperatures 121 are less than 20 ˚C, as observed (Ragush et al. 2015 ; Ragush et al. 2017 ) in arctic WSPs, justified omission of 122 anaerobic processes The model is a box model of the photic zone, and state variables and parameters were 123 vertically-integrated over the depth of the photic zone. External forcing into the photic zone were additional 124 wastewater, and surface irradiance. Exports from the photic zone were bacteria and phytoplankton through sinking. 125
Gas exchange of oxygen and carbon dioxide between the atmosphere and photic zone was included as a 126 transboundary interaction. Within the photic zone, the dynamics of bacteria and phytoplankton populations and their 127 metabolites of oxygen, carbon dioxide, and carbon (in the form of CBOD 5 ) were modeled. Nutrients other than 128 carbon, such as nitrogen and phosphorous, were excluded because their concentrations in both field scale and 129 experimental WSPs are high, and it was assumed that they would not impact biological processes by being limiting 130 (Ragush et al. 2015 ; Ragush et al. 2017 ). 131
The model formulation discussed in the following section will refer to equations by their number denoted in Tables  132   1 and 2 (for example Table 1 Equation 1 will be represented as equation 1.1 in the text). Table 1 contains the system  133   of differential equations, while Table 2 contains the supporting equations. Table 3 provides a list of model  134 parameters and their description. MATLAB, version R2015b, by MathWorks (Masschusetts, USA) was used to 135 implement a numerical solution to the system of ordinary differential equations presented in Table 1 . The system of 136 ordinary differential equations is briefly discussed in section 2.1.1 and selected equations in Table 2 are discussed  137   6 where deemed appropriate following in section 2. Simulations were initialized using phytoplankton and bacteria 138 concentrations that were reported by Ragush et al. (2017) 
Oxygen utilization rate: depends on the available oxygen and the bacterial population density 8 CBOD 5 (t) = S(t) + 0.5*(A(t)) CBOD 5 = Carbon pool CBOD 5 + CBOD 5 of phytoplankton ((t) denoting at time t for clarity) 149 The model has five state variables: phytoplankton, bacteria, carbon, oxygen, and carbon dioxide, and the first four 153
were measured in the mesocosm study by Ragush et al. (2017) , which were used to create a system of Ordinary 154 Differential Equations represented in Table 1 and briefly discussed below: 155
"A" represents phytoplankton (algae) as is used in many ecological models. The growth of phytoplankton 157 population is the balance of its growth rate (U a ) with some loss rates separated into death (K ad ) and settling (K as ). 158
The impact of death and settling has no mathematic functional difference and can be lumped with the same effect. 159
They were separated here, as it is a common practice in ecological models. 160
"S" commonly represents substrate in ecological models; here it represents CBOD 5 . The substrate is consumed by 162 the bacteria in a stochiometric balance of the bacteria's oxygen utilization rate (OUR). Additional CBOD 5 is added 163 daily, as wastewater is added to the system, and CBOD5 is recycled in the death of phytoplankton (A) and bacteria 164 (B) according to stochiometric carbon compositions. 165
"B", Bacteria is controlled analogously to phytoplankton with growth rate (U b ) , death rate (K bd ), and settling rate 167 (K bs ). 168
The differential equation for oxygen is governed by photosynthesis of phytoplankton, the utilization by bacteria and 170 finally oxygen transfer rate across the quiescent surface. 171
Analogous to the equation for oxygen, the equation for carbon dioxide includes production from bacteria, uptake 173 from phytoplankton and carbon dioxide transfer across the surface. 174 and the vertical gradients in irradiance, nutrients, and metabolites. As our system represents a special case of high 211 light attenuation, limited vertical mixing forces, and high nutrients, phytoplankton growth was formulated on the 212 premise that the phytoplankton population has the ability to optimize its growth rate and will distribute itself 213 accordingly. The formulation is significantly different than common formulations used for well-mixed environments 214 such as in Huisman and Weissing (1994) . The deviation was out of a necessity as it was discovered that the unique 215 environmental conditions required approaching the problem from a different paradigm. Sections 2.3 focuses on the 216 process by which the novel formulation for phytoplankton growth was developed to describe the arctic WSP. The 217 development of the mathematical characterization of the depth integrated phytoplankton response for a WSP 218 11 requires careful consideration of three factors: i) phytoplankton-light response ii) population density limited growth, 219 and iii) photoinhibition. 220 2.3.1 Phytoplankton light response 221 Solar radiation provides the energy for photosynthesis, and the total (vertically integrated) phytoplankton production 222 will be proportional to the amount of energy absorbed by the phytoplankton. Not all of the irradiance that reaches 223 the surface of the water column can be utilized by the phytoplankton because light energy is also absorbed or 224 reflected by particles. Additionally, light photons are absorbed by the phytoplankton cells themselves, reducing the 225 available irradiance to other cells (specifically at greater depth) and as the vertically integrated population density 226 increases the available irradiance per individual must decrease, and is known as self-shading. Finally, the response 227 of the depth-integrated phytoplankton population in the photic zone is assumed to be related to the average 228 irradiance in the photic zone by a hyperbolic function. 229
The transmittance of light has been demonstrated to be successfully approximated to follow exponential decay with 230 distance through a media, and is commonly described by Beer-Lambert's law: 231 The attenuation coefficient is a water quality property i.e. an expression of color and suspended solids (Lorenzen 234 1972) . When modeling vertically varying phytoplankton growth, it is common to define the euphotic zone depth, as 235 the depth where 1% of the surface light may be measured in a water column with attenuation properties of k: 236
Phytoplankton concentrations change with depth and time, and therefore k was split into two contributors; k w 238 (considered a property of the water and its constituents), and k p (accounts for the absorption of light by 239 phytoplankton). 240 
283

Photoinhibition 284
The growth rate of phytoplankton increases with increasing irradiance until an optimal irradiance results in a 285 maximum growth rate, after which a decline in growth rate is typically observed (Dauta et al., 1990 ). The 286 observation of such as photoinhibition has been documented in small batch reactors where phytoplankton are 287 confined and subjected to high irradiance. However, photoinhibition is the result of a phytoplankton's inability to 288 remove the stressor of excessive irradiance and UV radiation forming harmful reactive oxygen species, and it can be 289 rationalized that provided the phytoplankton has adequate (i) space and (ii) mobility, they will avoid photoinhibition 290 by migrating towards lower-light levels where their growth is optimized. This would result in a threshold irradiance 291 where, the vertically integrated specific growth rate has reached a satiated maximum and is an implicit 292 were measured every 5-7 days while dissolved oxygen concentration was measured daily. The system was operated 322 in a manner that is analogous to systems in the North, with daily loading of carbon and nutrients being imitated with 323 a complex synthetic wastewater. Temperature and irradiance were maintained as constants for the duration of trials. 324
The water level was maintained through the addition of distilled water to replace evaporated volume to remove the 325 impact of any concentrating effect. initial loading conditions and show that the model is able to capture the general trends and effectively distinguishes 337 system dynamics for the various conditions. Such qualitative model-data comparison is sufficient for the purposes of 338 this paper, which focuses on exploration of the parameterization and impact of different environmental conditions. 339 The model only considers aerobic metabolism of bacteria for the removal of CBOD 5 , and due to the good agreement 368 with experimental results, this appears to be a reasonable simplification. However, when hypoxic conditions prevail, 369 especially under low light conditions with minimal oxygen production by photosynthesis, the model under-predicts 370 the treatment performance (Figure 3) . The incorporation of anaerobic processes is likely to improve the robustness 371 and prediction under low light and cold conditions. 372
Finally, from a practical application, the model was able to capture the influence of organic loading rates and initial 373 carbon concentrations on dissolved oxygen and CBOD 5 concentrations (Figures 3 and 4) . These are two key 374 parameters that WSP designers are able to control. Such findings suggest arctic WSPs can obtain an effluent 375 concentration for CBOD 5 that meet secondary wastewater treatment standards (25 mg/l) with lowered areal loading 376 rates, and more importantly lowered carbon concentrations at the onset of the summer treatment season. Table 4 . OFAT is an effective way of determining the model parameters that carry the most influence on output 383 results (Cullen and Frey 1999) , and is useful for identifying where to focus data collection related to improving the 384 model (Salehi et al. 2000) . These two strengths are directly in-line with the exploratory goals of this paper. In the 385 OFAT, parameters were set to the calibrated value (Table 4) and one parameter at a time was varied over 5 equally-386 spaced levels that ranged between the high and low values reported in the literature when available (Table 5) or else 387 a range of (+/-25%). 388 A cumulative sensitivity report was constructed to provide a qualitative assessment of parameter sensitivity across 414 the range of temperature and irradiance conditions, and a measure of relative parameter sensitivity in the model. 415 Table 7 provides a sensitivity index by tallying the number of sensitivity coefficients of the 6 tested responses that 416 exceeded 0.1 (a value that was arbitrarily assigned as being an indicator of a sensitive parameter) for a parameter 417 under the noted temperature and irradiance conditions. To provide a comparison of parameter sensitivity, the right 418 column total is a summation of exceedances for a parameter under all temperature/light conditions, and sensitivity 419 ranking of the parameters developed by blending the response sensitivity coefficients. Finally, to compare 420 sensitivity of the model under the four light/temperature pairings, a summation of the sensitivity index for each 421 pairing is provided in the bottom row of Table 7 . 422 Tables 6 and 7) . Total 60 59 60 60 425
